Let X be a compact Kähler manifold with fundamental group π1(X). After introducing the notion of higher Albanese genera g k , the work establishes lower bounds on the number of the relations of π1(X) in terms of the number of the generators, the irregularity, the Albanese dimension, g k and etc. The argument makes use of the relationship between the cup product maps in the cohomologies of X and π1(X). It derives some lower bound on the ranks of these cup products and applies Hopf's Theorem, expressing H2(π1(X), Z) by the generators and relations of π1(X). The same techniques provide lower bounds on the Betti numbers of X and π1(X).
Proposition 1 Let X be a compact Kähler manifold whose fundamental group admits a finite presentation π 1 (X) = F/R where F := x 1 , . . . , x s is a free group on s generators, R o := y 1 , . . . , y r is the subgroup of F, generated by the relations y 1 , . . . , y r ∈ F and R is the normal subgroup of F, generated by The next section illustrates that the bounds from Proposition 1 are stronger than the best known results, which are due to Amoros and formulated in Theorem 6. Section 3 collects some properties of Albanese dimension and Albanese genera, necessary for deriving lower bounds on the ranks of some cup products in H * (X, C). Section 4 relates some cup products in group cohomologies H * (π 1 (X), C) with the corresponding cup products in de Rham cohomologies H * (X, C). Section 5 justifies that µ i,m−i from Proposition 2 are lower bounds on the ranks of the cup products ζ 
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Comparison with previous related works Prior to our Proposition 1 are known the following estimates among the number of the generators and relations of a Kähler group. Theorem 3 (Green and Lazarsfeld [7] ) Let X be a compact Kähler manifold whose fundamental group π 1 (X) = F/R has s generators and r relations.
(i) If the Albanese genus
For s − r ≥ 2, Green and Lazarsfeld show that the entire character variety
Then there is a surjective holomorphic map X → C onto a curve C of genus ≥ s−r 2 and the Albanese image of X is a curve. That violates the assumption of the second part. The first part is contradicted by s − r ≥ 4, as far as g 1 = 0 signifies the nonexistence of surjective holomorphic maps X → C onto curves C of genus ≥ 2.
Theorem 4 (Amoros [1] ) Let X be a compact Kähler manifold with g 1 = 0, whose fundamental group π 1 (X) admits a presentation with s generators and r relations. Then 
] are the components of the lower central series of the fundamental group π 1 (X).
For an arbitrary group G let J G := { g r g g|r g ∈ R, g r g = 0} be the augmentation ideal of the group ring R[G]. It is well known (cf. [10] ) that
Concerning the lower bound rk[ζ 2,0 [2] for the fact that the cone 
Then for any complex space B and holomorphic map τ :
Here are counterexamples to Proposition 5. Let k = 3 or 4 and w k :
be the wedge products of complex vector spaces. Due to their linearity, w k descend to surjective holomorphic maps
, while on the other hand, w k does not factor through either of the canonical projections.
For the moment being, Amoros' rkζ 1,1 X ≥ 2h 1,0 − 1 cannot be accepted, though one anticipates another eventual proof of it. What seems available is rkζ
X , according to the primitiveness ω 1 ∧ ω 2 ∧ Ω n−1 ∈ H n+1,n−1 (X) = 0 of ω 1 ∧ ω 2 and the nondegeneracy of the Hodge bilinear form on the primitive cohomology classes. Thus,
and there holds the following Theorem 6 (Amoros) Let X be a compact Kähler manifold with g 1 = 0, whose fundamental group π 1 (X) admits a presentation with s generators and r relations.
Obviously, Theorem 6 implies Theorem 3(i). One checks straightforward that the inequalities, given by (i), (ii) with h 1,0 = 1 and (iv) from Proposition 1 are stronger than the corresponding estimates from Theorem 6. In the case of a ≥ 2, h 1,0 ≥ g 1 ≥ 2 with h 1,0 comparatively large to a and g k , 2 ≤ k ≤ a, the bound from Proposition 1 (iii) may happen to be weaker than the one from Theorem 3 (ii).
Preliminaries on Albanese dimension and Albanese genera
Some of the bounds on the ranks of cup products, proved in section 5, require the characterization the Albanese dimension in terms of cup products.
Proposition 7 (Catanese [3] , [5] ) The Albanese dimension a := dim C alb X (X) of a compact Kähler manifold X is the greatest integer with Im[ζ a,a
Proof: For any natural number i, the space
However, the vanishing of ζ a,a albX (X) interprets as an inclusion of alb X (X) in the zero locus of
The contradiction with any choice of local coordinates on the universal cover
The following observations serve as a starting point for Catanese's Generalized Castelnuovo -de Franchis Theorem 9:
(
ii) The Albanese generality of a compact Kähler manifold is inherited by the finite covers.
Proof:
The linear independence of ω 1 , . . . , ω k is inherited by their restrictions on the open W (α) ∩ W (β) and implies
In other words, µ i : Y → CP 1 are globally defined and
. .∧ω k forces the vanishing of µ almost everywhere on Y. According to the complex analyticity of the zero locus of µ, one concludes that µ ≡ 0, i.e., ζ
(ii) Let Y be an Albanese general compact Kähler manifold of dim C Y = k and ϕ : Z → Y be a finite cover. The surjectiveness of ϕ implies the injectiveness of ϕ * :
. In Catanese's terminology from [5] , such subspaces are called strict k-wedges. In the same article is established the following Theorem 9 (Catanese [5] ) Let X be a compact Kähler manifold. Then for any strict k-wedge
Corollary 10 The Albanese genus
Lemma 11 
. Therefore, they are contained in the connected fibers F 
Lemma 12 (Catanese [5] ) If X is a compact Kähler manifold then any k-wedge V k ⊂ H 1,0 (X) contains a strict l-wedge U l ⊆ V k for some natural number l ≤ k.
Cup products in group and de Rham cohomologies
Let us choose a cell decomposition of X and construct an Eilenberg-MacLane space Y = K(π 1 (X), 1) by glueing cells of real dimension ≥ 3 to X, in order to annihilate the higher homotopy groups π i (X), i ≥ 2. 
In general, the homomorphisms of abelian groups c i :
For any field F of charF = 0, acted trivially by π 1 (X), the Universal Coefficients Theorems
, due to the divisibility of the Z-module F. In particular, the C-linear maps c i : 
of group cohomologies, defined as a composition of the direct product with the dual of a diagonal approximation (cf. [4] ). On the other hand, one has cup products ζ i,j 
are mapped surjectively onto each other by c i+j , i.e., c i+j Imζ
for all i, j ∈ N ∪ {0}, i + j ∈ N.
Proof: As far as Y = K(π 1 (X), 1) and c : X → Y are unique up to homotopy, there is no loss of generality in assuming that Y is obtained from X by glueing cells of real dimension ≥ 3. Then c : X → Y and c * : S(X) • → S(Y ) • are inclusion maps and the dual c * :
By induction on i we check that c i ζ
The statement is clear for i = 1. Up to homotopy equivalence, any cell σ i ∈ S(X) i is a product of segments [
The inductional hypothesis reads as σ
′ i c i−1 ζ i−1 π1(X) (u 1 ∧ . . . ∧ u i−1 ) = σ ′ i ζ i−1 X (c 1 (u 1 ) ∧ . . . ∧ c 1 (u i−1 )), after identifying c i−1 ζ i−1 π1(X) (u 1 ∧ . . . ∧ u i−1 ), c 1 (u j )
with their de Rham representatives. Then Fubini's Theorem provides
under the choice of a diagonal approximation ∆ :
• and the isomorphism c 1 :
Representing the elements of Z(X) 1 by closed forms, one decomposes
. The compatibility δζ i = ζ i+1 δ of the cup product with the coboundary maps yields c i+j ζ
Estimates on cup products
The present section provides lower bounds on the rank of cup products of 1-forms. Clearly, rkζ
Lemma 14 Let X be a compact Kähler manifold with Albanese dimension a. Then the cup products
Proof: Let us identify the cohomology classes with their de Rham representatives, denote by A r,s the space of the C ∞ -forms of type (r, s) and put Z r,s = {ϕ ∈ A r,s |dϕ = 0} for the subspace of the d-closed forms. Then
The existence of correctly defined linear maps ζ
A necessary and sufficient condition for the factorization of ζ
Lemma 15 Let X be a compact Kähler manifold with irregularity h 1,0 > 0, Albanese dimension a > 0 and Albanese genera g k , 1 ≤ k ≤ a. Then the ranks of the cup products
satisfy the following lower bounds 
. Let us observe that ϕ ∈ H a,0 (X) is primitive, i.e., ϕ ∧ Ω n+1−a ∈ H n+1,n+1−a (X) = 0 where Ω stands for the Kähler form of X and n = dim C X. By the degeneracy of the Hodge bilinear form on the primitive cohomology classes, one has (−1)
let us wedge ζ i,j X (α) = dβ 1 by ∧ k∈{1,...,a}\{t1,...,ti} ω k ∧ ∧ l∈{1,...,a}\{s1,...,sj } ω l to obtain ±c t,s ϕ ∧ ϕ = dβ 2 for appropriate forms β 1 , β 2 . That implies the vanishing of all the complex coefficients c t,s of α and justifies that Kerζ
as far as
If Ω is the Kähler form of X and n = dim
implies that ζ i+j,0 X (ϕ) = 0, according to the nondegeneracy of the Hodge bilinear form on the primitive ϕ. In other words, ϕ ∈ Kerζ 
There is a real diffeomorphism C i,j 
On a compact Kähler manifold X of dim C X = n, the fact that ϕ ∧ Ω n−i−j+1 ∈ H n+1,n−i−j+1 (X) reveals the primitivity of ϕ. Then the vanishing of X ϕ∧ϕ∧Ω n−i−j implies ζ i+j,0 X (ϕ) = 0. Let V ϕ be the C-span of ω 1 , . . . , ω i+j . By a decreasing induction on 1 ≤ k ≤ i+j will be checked that
. For any natural number k < i+j and a decomposable form 0 = ψ
In other words, V ψ ⊂ H 1,0 (X) appears to be a k-wedge and according to Lemma 12, there is a strict l-wedge U l ⊂ V ψ for some 1 ≤ l ≤ k. However, g l ≥ dim C U l > 0 for l < i + j contradicts the assumptions of (iii). Consequently, ζ
a,a (X). For a = 1 it is immediate that rkζ 1,1 X ≥ 1. For a ≥ 2 we assert that the subspace
. By the choice of ω 1 , . . . , ω a , there follow b i = 0 and c i = 0 for all 2 ≤ i ≤ a, whereas
, which is an absurd. Therefore b 0 = 0 and Kerζ
1,1
X ∩W = 0, whereas rkζ 1,1
Proofs of the main results
The Betti number
of an arbitrary finitely presented group G can be expressed by the means of the following Theorem 16 (Hopf [8] , [4] , [6] ) Let F = x 1 , . . . , x s be a free group, R be the normal subgroup of F, generated by y 1 , . . . , y r ∈ F and G = F/R. Then there is an exact sequence of group homologies
where the subscript G stands for the G-coinvariants of the adjoint action.
While calculating the ranks of the aforementioned homology groups, we make use of the following Lemma 17 Let F = x 1 , . . . , x s be a free group, R o be the subgroup of F, generated by y 1 , . . . y r ∈ F, R be the normal subgroup of F, generated by R o and G = F/R. Then X . The proof is completed by the following immediate consequence of Lemma 15:
